We study a large time behavior of a solution to the initial boundary value problem for an isentropic and compressible viscous fluid in a one-dimensional half space. The unique existence and the asymptotic stability of a stationary solution are proved by S. Kawashima, S. Nishibata and P. Zhu for an outflow problem where the fluid blows out through the boundary. The main concern of the present paper is to investigate a convergence rate of a solution toward the stationary solution. For the supersonic flow at spatial infinity, we obtain an algebraic or an exponential decay rate. Precisely, if an initial perturbation decays with the algebraic or the exponential rate in the spatial asymptotic point, the solution converges to the corresponding stationary solution with the same rate in time as time tends to infinity. An algebraic convergence rate is also obtained for the transonic flow. These results are proved by the weighted energy method.
Introduction
The present paper concerns an asymptotic behavior of a solution to the initial boundary value problem for the compressible Navier-Stokes equation in one-dimensional half space R + := (0, ∞). We especially study a convergence rate toward a corresponding stationary solution for the problem in which fluid blows out through a boundary. An isentropic or isothermal model of the compressible viscous fluid is formulated in the Eulerian coordinate as ρ t + (ρu) x = 0, (1.1a)
(ρu) t + ρu 2 + p x = μu xx , (1.1b) where the unknown functions are a mass density ρ and a fluid velocity u. A constant μ is called a viscosity coefficient. A pressure p is given by p = p(ρ) = Kρ γ where K > 0 and γ 1 are constants. The initial condition is prescribed by The main concern of the present paper is a phenomena in which the gas brows out from the boundary. This is called an outflow problem in [7] . Thus, we adopt a boundary condition
Note that only one boundary condition (1.3) is necessary and sufficient for the wellposedness of this problem since the characteristic u(t, x) of the hyperbolic equation (1.1a) is negative around the boundary {x = 0} due to the condition (1.3). It is shown in the paper [5] that the solution to the problem (1.1), (1.2) and (1.3) converges to the corresponding stationary solution as time tends to infinity. Here we summarize the results in [5] . The stationary solution (ρ,ũ)(x) is a solution to the system (1.1) independent of a time variable t, satisfying the same conditions (1.2b) and (1.3) . Therefore, the stationary solution (ρ,ũ) satisfies the system of equations (ρũ) x = 0, (1.4a) ρũ 2 +p x = μũ xx (1.4b) and the boundary and the spatial asymptotic conditions
wherep := p(ρ). Integrating (1.4a) over (x, ∞) yields 6) where v := 1/ρ is called a specific volume and v + := 1/ρ + . Due to (1.3) and (1.6), we see that
is necessary for the existence of the stationary solution to the problem (1.4) and (1.5). Integrating (1.4b) over (x, ∞) and substituting (1.6) in the resultant equality, we get
Let c + and M + be a sound speed and a Mach number at the spatial asymptotic states, respectively. Then they are given by
If M + > 1, the equation F (w) = 0 has the distinct two roots w = 1 and w = w c satisfying w c < 1. If M + = 1, the equation F (w) = 0 admits only one root w = w c = 1. The asymptotic stability of the stationary solution is discussed in the function space X(0, T ) defined by 
where C is a positive constant.
is supposed to satisfy
for a certain constant σ ∈ (0, 1). Then there exists a positive constant ε 0 such that if 
where α * is a constant defined by
We see that the convergence rate (1.16) for the transonic flow is not as fast as the supersonic flow. Moreover, we assume the condition α < α * , which is necessary for the derivation of the weighted estimate (2.48). Also, this type of assumption is used in [8] for the analysis of the convergence rate toward the traveling wave for a scalar viscous conservation law.
It is still open problem whether the assumption α < α * can be removed or not.
Related results. After the work [1] by Il'in and Oleinik, there are many researches which consider the stability of nonlinear waves. For example, Liu, Matsumura and Nishihara in [6] study the half space problem for the viscous conservation laws. For the one-dimensional half space problem to the compressible Navier-Stokes equation, Matsumura in [7] expects that the asymptotic states of the solutions are classified into more than twenty cases subject to the boundary condition and the spatial asymptotic data. Several problems in this classification have been already studied. For example, Matsumura and Nishihara in [9] consider the case when the asymptotic state becomes one of stationary solutions, rarefaction waves and superposition of them for the inflow problem. The research [5] by Kawashima, Nishibata and Zhu shows the asymptotic stability of the stationary solution for the outflow problem. Following [5] , the present paper investigates the convergence rate toward the stationary solution for the outflow problem.
For the multi-dimensional half space problem, Kagei and Kawashima in [2] study the outflow problem and prove the asymptotic stability of a planar stationary wave. Recently, the authors have obtained the convergence rate for this problem. This result also will be published soon.
Outline of the paper. The remainder of the present paper is organized as follows. In Section 2, we begin detailed discussion with a reformulation of the problem (1.1), (1.2) and (1.3) to that for the perturbation from the stationary solution. Then we derive the weighted a priori estimate of the perturbation, which yields the convergence rate toward the stationary solution. In Section 2.1, we consider the supersonic flow. In this case, the algebraic or the exponential rate is obtained, subject to the decay rate of the initial perturbation in the spatial direction in the L 2 norm. The proof is mainly based on the weighted L 2 energy method. In Section 2.2, we obtain the algebraic rate for the transonic flow. Here we need to derive the weighted H 1 a priori estimate. 
Notations. For a non-negative integer
∂ i t u, ∂ j x u ∈ B α,β (Q T ) for arbitrary integers i ∈ [0, k] and j ∈ [0, l]. We abbreviate B k+α,l+β ([0, T ] × R + ) by B k+α,l+β T .
A priori estimate
In this section, we derive the a priori estimate of the solution in the H 1 Sobolev space. To this end, we define the perturbation (ϕ, ψ) from the stationary solution as
Due to (1.1) and (1.4), we have the system of equations for (ϕ, ψ) as
2a)
The initial and the boundary conditions to (2.2) are derived from (1.2a), (1.3) and (1.5) as
3)
The uniform bound of the solutions in the weighted Sobolev space is derived later. For this purpose, we introduce function spaces X ω (0, T ) and X 1 ω (0, T ) defined by
Here the two types of weight functions are considered:
Also we use the norms | · | 2,ω , · a,α and · e,α defined by
The following lemma, concerning the existence of the solution locally in time, is proved by the standard iteration method. Hence we omit the proof.
Lemma 2.1. If the initial data satisfies (1.12) and 
Supersonic flow
In this subsection, we derive the weighted energy estimate of the solution for the case when M + > 1 holds. To summarize the a priori estimate, we use the following notations for a weight function W (t, x) = χ(t)ω(x) until the end of this subsection: 
To prove Proposition 2.2, we first derive the basic energy estimate. To this end, we define an energy form E, as in [5] , by
Owing to Proposition 1.1, we see that the energy form E is equivalent to |(ϕ, ψ)| 2 . Namely, there exist positive constants c and C such that
We also have positive bounds of ρ as
Lemma 2.3. Suppose that the same assumptions as in Theorem 1.2 hold. Then there exists a positive constant ε 0 such that if N(T ) + δ S < ε 0 , it holds that χ(t) (ϕ, ψ)(t)
Proof. Multiplying (2.2b) by ψ , we see that the energy form satisfies the equality
14)
15)
Here, the positive bound of ρ (2.12) and the Schwarz inequality yield the estimate for R 0 as
Multiplying (2.14) by a weight function W (t, x) = χ(t)ω(x), we have
Due to the boundary conditions (1.3) and (2.4), the integration of the second term on the left-hand side of (2.17) over R + is estimated from below as
where we have used the estimates (2.11) and (2.12). The third term on the left-hand side of (2.17) is computed as The condition M + > 1 yields that the quadratic form F 1 (ϕ, ψ) is positive definite since Next, we obtain the estimate for the first order derivatives of the solution (ϕ, ψ). As the existence of the higher order derivatives of the solution is not supposed, we need to use the difference quotient for the rigorous derivation of the higher order estimates. Since the argument using the difference quotient is similar to that in the paper [5] , we omit the details and proceed with the proof as if it verifies
Lemma 2.4. There exists a positive constant ε 0 such that if N(T )
Proof. Differentiating (2.2a) in x and multiplying the resultant equality by ϕ x yield 1 2 ϕ
On the other hand, multiplying (2.2b) by ρϕ x gives
(2.25)
Multiply (2.24) by μ and add the resultant equality to (2.25). Then we have
Owing to the Schwarz inequality with the aid of (1.11), the right-hand side of (2.26) is estimated as
for an arbitrary positive constant ε, where C ε is a positive constant depending on ε. Multiplying (2.26) by a weight function χ = χ(t), we have
The boundary condition (1.3) gives the lower estimate of the integration of the second term on the left-hand side of (2.28) as
Integrate (2.28) over R + × (0, t), substitute (2.27), (2.29) and the estimate
in the resultant equality, and take ε and δ S suitably small. These computations together with (2.13) give the desired estimate (2.23). 2
Lemma 2.5. There exists a positive constant
Proof. Multiplying (2.2b) by −ψ xx gives 1 2 ρψ
32)
Note that the function R 4 is estimated by using (2.2b) and (1.11) as 
First, we prove the estimate (2.8). Owing to the Poincaré type inequality
which is proved by the similar computation as in [4, 10] , substituting ω(x) = (1 + x) β and χ(t) = (1 + t) ξ in (2.37) for β ∈ [0, α] and ξ 0 gives 
Here, we have used the Poincaré type inequality (2.38) again. Thus, taking δ S , β and α suitably small, we obtain the desired a priori estimate (2.9). 2
Transonic flow
This subsection is devoted to prove the algebraic decay estimate for the transonic case M + = 1 in Theorem 1.2. To state the a priori estimate of the solution precisely, we use the notations: 
In order to prove Proposition 2.6, we need to get a lower estimate forũ x .
Lemma 2.7. The stationary solutionũ(x) satisfies
Proof. Since we have F (1) = F (1) = 0 and 1 <w < u b /u + , the function F (w) defined in (1.9) satisfies
Substituting the equality F (w) = μu + (w − 1) x in (2.43) and solving the resultant differential inequality with respect tow − 1 yield
Then, substituting (2.44) in (2.43) with the aid of (1.8) gives the desired estimate (2.42). 2
We also need the estimate for the Mach numberM on the stationary solution (ρ,ũ) defined byM
Lemma 2.8. There exists a positive constant C such that
Proof. Owing to M + = 1 and (1.6), we see that the equalitỹ 
By utilizing Lemmas 2.7 and 2.8 with the aid of the fact that β < α * , we obtain the lower estimate of W x F 2 + F 3 as Here, we have used the fact that G 2 0 holds. Applying the Poincaré type inequality (2.38) to the third term on the right-hand side of (2.53) with the aid of (1.11b), we obtain the estimate (2.48) for the case of β = 0. 2
In order to complete the proof of Proposition 2.6, we need to obtain the weighted estimate of (ϕ x , ψ x ). By the same inductive argument as in deriving (2.8), we can prove Proposition 2.6 which immediately yields the decay estimate (1.16).
